The decay of gravitational potentials in the presence of dark energy leads to an additional, latetime contribution to anisotropies in the cosmic microwave background (CMB) at large angular scales. The imprint of this so-called integrated Sachs-Wolfe (ISW) effect to the CMB angular power spectrum has been detected and studied in detail, but reconstructing its spatial contributions to the CMB map, which would offer the tantalizing possibility of separating the early-from the late-time contributions to CMB temperature fluctuations, is more challenging. Here we study the technique for reconstructing the ISW map based on information from galaxy surveys and focus in particular on how its accuracy is impacted by the presence of photometric calibration errors in input galaxy maps, which were previously found to be a dominant contaminant for ISW signal estimation. We find that both including tomographic information from a single survey and using data from multiple, complementary galaxy surveys improve the reconstruction by mitigating the impact of spurious power contributions from calibration errors. A high-fidelity reconstruction further requires one to account for the contribution of calibration errors to the observed galaxy power spectrum in the model used to construct the ISW estimator. We find that if the photometric calibration errors in galaxy surveys can be independently controlled at the level required to obtain unbiased dark energy constraints, then it is possible to reconstruct ISW maps with excellent accuracy using a combination of maps from two galaxy surveys with properties similar to Euclid and SPHEREx.
I. INTRODUCTION
Cosmic microwave background (CMB) photons undergo a frequency shift as they travel to us from the last scattering surface. On top of the redshift due to the expansion of the Universe, an additional contribution to the temperature anisotropy is introduced whenever the universe is not matter dominated-for example, right after recombination when radiation contributes non-negligibly, or at late times when dark energy becomes important. This so-called integrated Sachs-Wolfe (ISW) effect is given by [1, 2] ∆T T ISW (n) = 2 c 2 t0 t * dt ∂Φ(r, t) ∂t ,
where t 0 is the present time, t is that of recombination, c is the speed of light, r is the position in comoving coordinates, and Φ is the gravitational potential. The latetime ISW signal (referred to hereafter simply as 'ISW') has been statistically detected via measurements of the cross-correlation of CMB temperature maps with galaxy maps [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] and, more recently, with maps of CMB lensing convergence [17, 18] . These detections serve as an important consistency test of the standard model of cosmology, and can help constrain the properties of dark energy.
The ISW can provide additional information beyond its power spectrum if its map can be reconstructed with sufficient signal-to-noise. Since the total large-angle CMB temperature anisotropy is the sum of early-(here- * Corresponding author: nweaverd@umich.edu after 'primordial') and late-time contributions,
reconstructing the ISW map would allow us to isolate the primordial-only anisotropy. This separation of the CMB into early-and late-time contributions can also be useful for a variety of cosmological tests. For example, one could study the temporal origin of the large-angle CMB anomalies reported in, e.g., Ref [19] . One could also subtract the realization-specific contaminating ISW contribution to estimation of primordial non-Gaussianity [20] , something that is currently done using theoretical templates for the ISW-lensing bispectrum [21] . Motivated by these considerations, reconstruction of the ISW map has been the focus of a number of recent analyses [17, 18, [22] [23] [24] [25] [26] [27] [28] [29] [30] .
In this paper we study how ISW map reconstruction is affected by a class of observational and astrophysical systematic errors which we will refer to broadly as photometric calibration errors or, for conciseness, calibration errors. These systematics afflict all galaxy surveys at large angular scales, contributing to the significant excess of power at large scales found in many recent surveys, including the Sloan Digital Sky Survey (SDSS) [16, [31] [32] [33] [34] [35] [36] [37] , MegaZ [38] , WISE-AGN and WISE-GAL [17] , and NVSS [14, 16, 39, 40] . Calibration errors are thus already established as one of the most significant systematics impacting large-angle measurements of galaxy surveys, a fact that has broad implications, such as for measuring scaledependent bias as a signal of primordial non-Gaussianity. As the statistical power of galaxy surveys continues to grow, the control and understanding of systematics like calibration errors is becoming even more important.
There is a variety of ways in which modern photometric surveys assess and mitigate contamination from sys-tematics, many of which rely on cross-correlating galaxy maps with known systematics templates. This can be used to identify contaminated regions, which are then masked or excluded from the analysis (as in Ref. [41] ). Alternatively, one can use these templates to subtract or marginalize over systematics-induced spatial variations in the calculation of, for example, the two-point clustering signal [37, [42] [43] [44] [45] [46] [47] . Such an approach was taken in Ref. [37] to study the overall detection significance of the ISW effect in SDSS data. The authors found results similar to Ref. [16] , the authors of which instead accounted for excess power by adding a low-redshift spike in the source distributions. Most of these correlation corrections are perturbative, however, and therefore require fairly clean maps in which systematic effects are minor to begin with. Additionally, while corrections to the two-point statistics are important for the inference of cosmological parameters, they do not remove the systematics from the maps themselves. Suchyta et al. [48] propose an alternative approach, wherein measurement biases are characterized by injecting fake objects into Dark Energy Survey images. This neatly avoids the reliance on having small levels of contamination in the input maps, but it still cannot account for certain systematics, such as dust or flux calibration. Whatever the approach taken, some level of residual calibration error will remain. Some of us previously showed that at levels of calibration control consistent with current and near-future surveys, residual calibration errors are by far the dominant systematic for ISW signal reconstruction [29] . This motivates us to study their impact in more detail. Namely, we would like to study whether the presence of residual calibration errors can be mitigated by combining information from multiple input maps or through better modeling of the contributions of systematics to observed galaxy power. We also wish to investigate to what extent residual calibration errors similarly impact the signal-tonoise ratio of galaxy-CMB cross-correlation and, in turn, the significance of ISW detection. With this aim, we use ensembles of simulated maps to characterize the performance of ISW reconstruction based on surveys like Euclid and SPHEREx, two proposed wide-angle surveys of which the properties are expected to be good for ISW detection and reconstruction. We also consider the benefits of including Planck-like simulations of CMB intensity in the reconstruction effort.
We begin in Sec. II by describing our model for calibration errors, how we reconstruct the ISW map and evaluate its quality, and which input data sets we use. In Sec. III, we compare the performance of ISW reconstruction when using one versus multiple surveys and investigate the impact different assumptions have on the results. In Sec. IV, we relate map reconstruction to the total signal-to-noise ratio of ISW detection, and we conclude in Sec. V. [17, 18] . The colored dashed curves show the theoretical spectrum with two representative levels of calibration error. The shaded region is the 1σ uncertainty from the survey's sample variance, and the dotted curves indicate the ideal, all-sky cosmic variance. Fig. 1 , but for the SDSS MphG catalog, following Refs. [17, 18] . In this case, the sample variance is driven by sky coverage (f sky =0.22) as opposed to number density as for NVSS.
II. METHODOLOGY A. Modeling calibration errors
Photometric calibration is a challenge faced by all photometric galaxy surveys. It refers to the adjustments required to establish a consistent spatial and temporal measurement of flux of the target objects in different observation bands. A number of different systematics must be accounted for in calibration, including but not limited to detector sensitivity variation on the focal plane, variation in observing conditions, the presence of foreground stars (as galaxies near them are less likely to be detected), and extinction by dust. Calibration errors are introduced if these systematics are incompletely or inaccurately accounted for.
Our focus is on how calibration errors affect galaxy number counts. To illustrate this, imagine that a perfectly uniform screen (of e.g. dust) blocks some light from all galaxies. This pushes the faintest galaxies below the survey's flux limit, and leads to observation of fewer galaxies in all directions. A pure monopole change such as this increases shot noise but does not affect the angular clustering signal of galaxies. In contrast, in a more realistic scenario where the opacity of this "screen" depends on direction, it affects the observed galaxy clustering signal by adding spurious power and by coupling different multipoles of the measured power spectrum [49, 50] . The presence of unaccounted-for calibration errors can thus introduce biases in cosmological parameter estimates from Large Scale Structure (LSS) surveys. These are particularly severe for the ISW effect and other measurements based on signals that, like calibration errors, enter primarily at large angular scales.
In keeping with the picture of calibration errors as a direction-dependent screen, we model them as a modulation of the true galaxy number counts N (n), wheren is the direction on the sky. The observed, modulated counts are [49] 
where the field c(n) describes the screening effect of calibration errors. While we will generally refer to this kind of modulation as the result of "calibration errors," as Eq. (3) makes clear, this formalism can describe any residual effect that modulates a survey's selection function. Though the expression in Eq. (3) will necessarily couple different multipoles, at low , the impact of calibration errors on the observed galaxy power spectrum is well approximated by
neglecting multiplicative terms. Following Muir and Huterer [29] , we model the calibration error field c(n) as a Gaussian random field with power spectrum C cal and quantify the level of residual calibration errors using its variance,
While the conversion between σ cal and the rms magnitude error depends on the faint-end slope of the luminosity function of tracers in the survey, they can be related roughly as (δm) rms σ cal [49] . Thus a survey with residual calibration errors of σ 2 cal = 10 −6 has been calibrated to roughly a milimagnitude.
Motivated by power spectrum estimates for maps of dust extinction corrections and magnitude limit variations in existing surveys (see Fig. 5 and 6 in Ref. [49] ), we choose the fiducial calibration error power spectrum to be
with w cal = 10. The normalization constant α cal is varied to achieve the desired σ 2 cal . Figures 1 and 2 show the impact of calibration errors of this form on the angular power spectrum of the NVSS and SDSS MphG galaxy surveys, which have been used to reconstruct the ISW map in previous studies [17, 18, 27] For our fiducial model, we assume that calibration error maps for different redshift bins and surveys are uncorrelated with one another. We briefly examine the impact of relaxing such an assumption in Sec. III D.
B. ISW estimator
Similarly to Muir and Huterer [29] , we work with the optimal estimator derived by Manzotti and Dodelson [27] . It takes as input n maps, which can include any tracers that carry information about the ISW signal, namely LSS, CMB, or lensing convergence maps. Letting g i m represent the spherical components of the ith input map, where i ∈ {1, . . . , n}, the optimal estimator for the spherical component of the ISW signal iŝ
The operator
is a reconstruction filter derived from the covariance matrix,
In this expression, superscript numbers label the input maps and 
We demonstrate in Appendix A that Eq. (7) is equivalent to the estimator of Manzotti and Dodelson [27] , where the CMB temperature map is treated separately from LSS maps, and show that it reduces to the Linear Covariance Based (LCB) filter first proposed by Barreiro et al. [22] .
In constructing this ISW estimator, one must make a choice about how to obtain the necessary angular power and cross-power spectra in the covariance matrix. The C 's can either be extracted from observations (as in Refs. [24, 26] ) or computed analytically for an assumed cosmology (as in Refs. [17, 18, 27, 29, 30] ). Analytic calculation is straightforward but introduces a model dependence which can potentially bias results if, for example, calibration error contributions are not modeled correctly [29] . Measuring C from observations produces a model-independent estimator and so can help in the case where the theory spectra are inaccurate, but at the expense of limited precision due to sample variance, especially at large scales, scales with low power, or for map combinations that have little correlation.
1 Hybrid methods can also be used, as in Ref. [25] , where Barreiro et al. [25] account for observed excesses in the autopower of NVSS data by using a smoothed fit to data to get the galaxy map's autopower, but analytically compute its cross-correlation with the ISW signal.
We therefore consider two limiting cases of constructing the estimator in order to investigate how calibration errors impact the ISW reconstruction:
1. a 'worst' case estimator filter, R (C th ), where we use the fiducial theory C 's in the estimator, in which calibration errors' power contributions are not modeled at all, and 2. a 'best' case estimator filter, R (C sky ), in which calibration error power contributions are modeled perfectly (i.e. the covariance matrix is known). This case may be approximated by, e.g. a smoothed fit of the observed LSS power.
The theoretical spectra are related simply through the expression
where C cal is the power spectrum of the calibration error field described in Sec. II A. We consider these cases in Secs. III A and III B respectively.
C. Quality statistic
To quantify the accuracy of a given reconstruction, we use the correlation coefficient between the temperature maps of the true [T ISW (n)] and reconstructed [T rec (n)] ISW signal,
1 Using the observed spectra also violates an assumption in the maximum likelihood derivation of the estimator, in which the covariance is assumed to be known (i.e. independent of the measured signal).
whereT X and σ 2 X are the mean and variance of map T X (n), respectively. 2 We do not include pixel weights in our calculation of ρ, as is done to account for masking effects in Ref. [30] . This is because we work with only full-sky maps, as will be discussed in the next section.
The correlation coefficient can be rewritten in terms of the cross-power between the true ISW map realization and the input tracers,
where the tilde denotes pseduo-C measured from a given map realization, and we have used Eq. (7) to writẽ
Because the measured correlation coefficient depends on the specific realization, we assess reconstruction accuracy for a given set of input map properties as follows. We simulate a large number of realizations of correlated maps, then apply the ISW estimator to obtain associated reconstructed ISW maps, and by comparing these with the true ISW maps we obtain a sample distribution for ρ. Its mean valueρ, which in the limit of an infinitely large ensemble will approach an expectation value ρ , provides a statistical measure of how accurately the estimator can reproduce the true ISW signal. Studying how ρ changes in response to variations in survey properties and modeling choices therefore allows us to understand which factors are most important for obtaining an accurate ISW reconstruction.
We can avoid the computational cost of generating many simulation ensembles by noting that we can obtain a good estimate for the expectation value of ρ if we make the approximation
that is, we replace the pseudo-C 's with their expectation value across realizations,C → C . We will refer to the quantity in Eq. (17) asρ, defininĝ
to approximate the rms fluctuations in the true and reconstructed ISW maps. Here the indices i and j label the input tracer maps and the sum over runs over the multipoles ∈ [2, 95], a range chosen to conservatively to include all scales where the ISW signal is important.
We have tested the approximationρ ≈ ρ in Eq. (17) extensively and found it works well when the estimator filter R is built from analytically computed spectra but can break down if R is composed ofC 's extracted from map realizations. This behavior is related to the way in which using measured C 's makes ρ depend onC , such thatρ = ρ( C ) is no longer a good approximation of ρ(C ) . Appendix B discusses this in more detail.
D. Simulated surveys
By working with simulated maps, we are able to study in detail how calibration error levels and modeling choices affect ISW signal reconstruction.
Since we are concerned only with large scales, we model the ISW signal, total CMB temperature anisotropy, and galaxy number density fluctuations as correlated Gaussian fields. We use HEALPY [51] to generate map realizations based on input auto-and cross-power spectra which we compute analytically following the standard expressions given e.g. in Ref. [29] . We use the Limber approximation for ≥ 20, having verified that this affects ρ at the level of 0.1% or less for the surveys and range of σ 2 cal considered here. We compute C for multipoles with ≤ 95, as this range contains almost all of the ISW signal [52] . Accordingly, our simulations are sets of HEALPIX maps of resolution NSIDE = ( max + 1)/3 = 32. We refer the reader to Ref. [29] for a more detailed description of the reconstruction pipeline.
Because our goal is to study the impact of calibration errors and not survey geometry, we assume full-sky coverage in all of our analyses. Bonavera et al. [30] found that in overlapping regions of partial sky LSS surveys, ISW reconstruction quality degrades only slightly compared to the full-sky case. Therefore, the performance of a given estimator using full-sky maps should be indicative of its performance using maps with only partial sky coverage.
Our fiducial cosmological model is ΛCDM, with the best-fit cosmological parameter values from Planck 2015,
Unless otherwise stated, ISW reconstructions are performed on 2000 map realizations for each analysis and include multipole information down to min = 2.
Within this framework, four pieces of information are required to model a LSS survey: the distribution of its sources along the line of sight n(z), a prescription for how they are binned in redshift, their linear bias b(z), and their projected number density per steradiann. Below we describe how our choices for these characteristics are based on the properties of promising future probes of the ISW effect.
Euclid-like LSS survey
Our fiducial survey is modeled on Euclid, a future LSS survey with large sky coverage and a deep redshift distribution [53] , which is expected to be an excellent probe of the ISW effect [52, 54] . We assume the redshift distribution used by Martinet et al. [55] ,
which has a maximum at z peak 1.21z 0 . We choose z 0 = 0.7 andn = 3.5 × 10 8 , with a photo-z redshift uncertainty of σ(z) = 0.05(1 + z) which smoothes the edges of redshift bins. For simplicity, we assume a constant galaxy bias of b(z) = 1. Our results are qualitatively insensitive to this choice as long as the bias is reasonably well approximated for the input maps. This is because the bias term cancels in the estimate of the ISW signal, so that fractional differences between true and modeled bias have little impact on ρ.
We refer the reader to Ref. [29] for further details on both fitting for bias and the impact that mismodeling can have on reconstruction.
In Sec. III A we investigate the improvement in ISW map reconstruction when the fiducial Euclid-like survey is split into six redshift bins with edges at z ∈ {0.01, 0.4, 0.8, 1.2, 1.6, 2, 3.5} (see inset of Fig. 3 ), as compared to the unbinned case. We subsequently use the six-binned Euclid survey as our fiducial case.
SPHEREx-like LSS survey
We model a second survey on the SPHEREx All-Sky Spectral Survey (SPHEREx), a proposed survey that has been optimized to study LSS in the low-redshift universe. One of its goals is to place stringent limits on primordial non-Gaussianity [56] , which will require rigorous control of calibration errors. Given this, SPHEREx will provide excellent input map candidates for ISW map reconstruction. Its shallower reach makes it complementary to the deeper mapping of the LSS provided by Euclid.
SPHEREx will identify galaxies with varying levels of redshift uncertainty, ranging from σ z < 0.003(1 + z) up to σ z > 0.1(1 + z). Grouping these into catalogs with different levels of precision provides collections of galaxies useful for different science goals. The σ z < 0.1(1 + z) catalog with a projected ∼ 300 million galaxies was identified in Ref. [56] as the best subsample for f loc NL detection. Our investigations confirm it to be the best for ISW detection as well. We therefore fit its projected redshift distribution given in Ref. [56] to the functional form for dn/dz given in Eq. (20) . We select z 0 = 0.46, which results in a peak dn/dz of z peak 0.56. We have confirmed that our results are not strongly sensitive to changes in this redshift distribution, in agreement with the findings of Ref. [29] .
We use a projected number density ofn = 6.6×10
7 and consider the case where the survey is split into six redshift bins. We choose their edges by scaling the Euclid-like survey's binned redshift distribution to the SPHEREx median redshift, resulting in redshift bin edges at z ∈ {0.01, 0.26, 0.53, 0.79, 1.05, 1.31, 2.30}. This still provides sufficient sampling of the field in each bin to ensure that shot noise is subdominant to the galaxy signal power.
Planck-like CMB survey
CMB data have frequently been used in conjunction with LSS data for ISW map reconstruction. Recent examples include Ref. [17] , which used NVSS radio data, the Planck lensing convergence map, and Planck temperature data. That analysis was subsequently extended to include more LSS tracers in Ref. [18] . However, in both of these cases, residual systematics limit the usefulness of lensing data to scales of ≥ 10 and ≥ 8, respectively. Bonavera et al. [30] investigated the usefulness of CMB data for ISW reconstruction using a simulation pipeline similar to ours, finding that both CMB temperature and polarization data only modestly improve reconstruction quality but carry a greater benefit when the LSS tracers themselves contain less information (due to e.g. noise or other properties of the survey).
It is then natural to ask whether CMB data can help mitigate the impact of calibration errors in LSS maps. We therefore consider CMB temperature as an additional input map. To compute the total CMB temperature power spectrum, C T T , we compute the primordial-only contributions using a modified version of CAMB [57] and add them to our calculations for C ISW . As the CMB power spectrum is determined within the limits of cosmic variance at low and the ISW signal is already dominated by the primary (that is, non-ISW) CMB anisotropies, we do not include calibration errors in the generation of CMB temperature maps. Though CMB polarization and lensing could provide additional information, residual systematics remain at large scales for each (see Refs. [58] and [59] , respectively), so for simplicity we do not include them in this analysis.
III. RESULTS
To characterize the impact of calibration errors in LSS surveys on the ISW map reconstruction, and the potential to mitigate these impacts, we look at multiple combinations of input maps with different properties. Specifically, we consider the impact of binning in redshift, of adding CMB intensity data, and of including additional LSS information from another survey. For each of these studies, we examine two limiting cases for the estimator. The best case scenario, which we will reference as R (C sky ), is when one perfectly models all contributions to the galaxy power, including residual calibration errors. The worst case, referenced by R (C th ), is when the estimator is built out of theoretical spectra with no power from calibration errors. The power spectra in these two cases are related by Eq. (11) .
We use the analyticalρ to estimate the mean reconstruction quality across a wide range of σ 2 cal , while performing reconstruction on simulated maps for selected values, to both verify the accuracy ofρ and to generate error bars for the spread of ρ across simulations.
A. One survey: Binning in redshift
We first consider the Euclid-like survey alone and investigate the impact of binning in redshift on the quality of reconstructions in the presence of calibration errors. We model calibration errors in the binned case by adding the calibration field's power to the autopowerpower spectrum of each bin i per Eq. (4):
We do not add any power to the cross-spectra, though we test the impact of contamination in the cross-spectra in Sec. III D.
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The results of this study are shown in Fig. 3 . For reference, we use a vertical shaded band to mark the level of calibration corresponding to current surveys, defined roughly as the range bounded by the residual SDSS DR8 limiting magnitude variations [60] and the SDSSüber-calibration [61] . ('Future' levels are defined roughly as those between that required to limit bias on cosmological parameters to below their projected uncertainties and an intermediate level before bias becomes unacceptable; see Refs. [49] and [29] for details.)
As shown in Fig. 3 , splitting the survey into six redshift bins results in significant improvement in reconstruction at all levels of calibration error. This improvement is comparable to reducing σ Tomographic information is useful because it allows galaxy counts to be weighted more optimally, taking advantage of the fact that the ISW effect becomes stronger at lower redshift as dark energy becomes more dominant and structure growth slows. For instance, considering the expected ISW reconstruction power from each bin when using optimal weights (i.e. the squared contribution of each term in Eq. 7, using R (C sky )), we find that with no calibration error, the first redshift bin contributes 87% as much power as the second bin, with subsequent bins contributing 58%, 31%, 15% and 10% as much power, respectively. There is additional benefit to binning when calibration errors are considered. Since the low-redshift bins have a higher clustering signal than the high-redshift bins, they are less impacted by the same level of calibration error. Thus, the optimal weighting changes depending on the level of calibration error. When calibration errors are increased to σ 2 cal = 10 −4 , for example, the first bin contributes the most power to the reconstruction, with bins 2 − 6 only contributing 39%, 12%, 4%, 2%, and 1% as much power. As we will show later, this error-level-dependent weighting will mean adding information from a shallower survey such as SPHEREx makes reconstruction more robust against calibration errors.
The importance of accounting for calibration errors in the estimator is apparent in the difference between the dashed and solid curves, where doing so improvesρ for The purple curve and shaded band show the mean and 68% spread of ρ from simulations. As in Fig. 3 , red curves are results when using the binned Euclid-like survey alone, whereas blue curves are the result of using both the fiducial survey and CMB intensity map. Like in Fig. 3 , solid curves are for the case where calibration error power is correctly modeled in the estimator and dashed curves are for when they are not modeled at all. Neglecting the presence of calibration errors in a LSS map can actually degrade the quality of the ISW reconstruction compared to using the CMB temperature alone. 
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−6 , with ∆ρ ≈ 0.1 − 0.2 at current levels of calibration. This improvement is roughly comparable to the improvement seen from binning in redshift.
Though for clarity we do not include this case in the Figure, we additionally studied the effect of using the observed, unsmoothed galaxy-galaxy power in the estimator (that is,C , power spectra extracted from map realizations rather than computed analytically). We find that in this caseρ converges to the same value as the R (C sky ) case when calibration errors are very large, but is greatly reduced fromρ found using either R (C sky ) or R (C th ) when calibration errors are small (σ 2 cal 10 −5 ). For example, for a single input map in the limit of no calibration errors, quality reduces fromρ = 0.93 to 0.83 when we switch to using observedC 's. If we also use the observed (unsmoothed) cross-correlation between the LSS map and the CMB for the galaxy-ISW term in the estimator, reconstruction quality is further degraded tō ρ = 0.74 in the absence of calibration errors. This is because primary CMB anisotropies are large compared to ISW contributions, causing the measured galaxy-CMB correlation to receive relatively large noise contributions from chance correlations between LSS maps and the primordial CMB.
Given the significant improvement in reconstruction that binning provides, from here forward we adopt the configuration with six tomographic bins as our fiducial Euclid-like survey.
B. Effect of adding Planck T T data
We now consider adding information from the Plancklike CMB temperature map described in Sec. II D. When used as the only input map, the reconstruction is considerably worse than that found using the ideal Euclid-like survey (Table I) . We include it in our study, however, because any realistic study attempting to reconstruct the ISW signal will likely include CMB temperature data. Additionally, the reconstruction quality attainable with CMB temperature data alone provides a useful baseline against which to compare the performance of estimators based on LSS maps.
With CMB temperature data alone, we find an average reconstruction quality ofρ = 0.46, in good agreement with Ref. [30] . To put this into proper context, however, it is important to note that there is a large scatter around that mean; while the average reconstruction quality is indicative of performance, any single realization, such as that of our own Universe, can vary substantially in fidelity. The purple band in Fig. 4 shows the extent of this scatter for ISW reconstruction based on just the CMB map.
When CMB temperature information is combined with that from LSS maps, it significantly improves reconstruction quality, but only if the true galaxy power spectrum C sky (including calibration error contributions) is used in the estimator, as can been seen by the behavior of the solid curves on the right-hand side of Fig. 4 . The blue ρ(σ 2 cal ) curve describing the CMB+LSS reconstruction tracks the maximum of the curves corresponding to reconstructions using the CMB and LSS input maps separately, shown by the purple and red curves, respectively. This occurs because the estimator down-weights the LSS survey the more it is affected by calibration errors, converging to the T T -only reconstruction quality in the limit of large calibration errors. If one does not model calibration error power contributions, however, then any improvement from combining multiple input maps is marginal at best and can in fact result in a worse reconstruction than just using the CMB data alone. This demonstrates the importance of ensuring that the LSS C 's used in the ISW estimator are a good fit to the observed spectra.
C. Effect of an additional LSS survey:
SPHEREx-like
We now consider the addition of our fiducial six-bin SPHEREx-like survey described in Sec. II D 2, assuming for simplicity that it has the same level of calibration errors as the Euclid-like survey. Results are shown in Fig. 5 .
In the limit of no calibration errors, the SPHERExlike survey offers little additional information. In fact, adding both SPHEREx and CMB T T results in negligible improvement over the Euclid-like only case (∆ρ < 0.003 compared to a spread of σ Euc+Spx+TT = 0.019). However, by comparing the black and blue curves we see that including the SPHEREx-like survey does make the reconstruction somewhat more robust against calibration errors. The reason for this is similar to why binning in redshift is helpful: recall that, in the case of binning, having narrow, low-redshift bins means having some bins with higher galaxy autopower than the unbinned case, which then have less susceptibility to a given level of calibration error. Similarly, SPHEREx has a shallower redshift distribution, and thus an intrinsically higher clustering signal, so that it can actually provide a better reconstruction than the Euclid-like survey at moderate levels of calibration error. We would expect to see similarly increased robustness to calibration errors for any tracer with a larger clustering signal, including tracers with a larger bias.
Finally, just as for Euclid, we find that if calibration errors are not accounted for in the estimator, then adding LSS data can actually result in a worse reconstruction than that from using CMB temperature data alone.
D. Effect of varying calibration error properties
We now test how sensitive the results in the previous sections are to our assumptions about calibration errors, showing the results in Fig. 6 .
First, the left panel shows what happens when we vary the level of cross-correlation between the calibration errors of different LSS maps. It is conceivable that residual calibration errors can be correlated across different bins of a single survey, or even across different surveys, especially if the error has an astronomical origin. To model such correlation, we set the level of cross-correlation between the calibration errors of maps i and j using a pa- rameter r cc , where
As we only consider cases where calibration errors in all maps are characterized by the same C cal , this reduces to
We consider the six-bin fiducial Euclid-like survey and find that this kind of correlated error results in mild degradation of the reconstruction for σ 2 cal
10
−4 , but otherwise it has little effect as long as calibration errors are correctly modeled in the estimator [that is, R (C sky ) is used].
If calibration errors are not accounted for [R (C th ) is used], reconstruction suffers considerably, as shown by the dotted curve. We also use a dashed curve [labeled R (C XY,th )] for the case where the estimator filter correctly accounts for the autopower contributions of calibration errors but neglects the cross-power contributions. As seen by comparing the solid, dashed, and dotted orange curves in Fig. 6 , reconstruction quality is far more sensitive to accurate modeling of the calibration error contribution to the autopower than to the cross-power. Thus, fitting the observed autopower for each map but using theoretical cross-powers, as is done in Ref. [25] , should harm the reconstruction relatively little, depending on the fitting scheme; we find ∆ρ ≈ −0.03 at σ ing the results in the right panel of Fig. 6 . We first vary the width parameter w cal of the calibration error power spectrum C cal given in Eq. (6) . Results for different values of w cal are qualitatively similar, though for fixed σ 2 cal , the reconstruction is less sensitive to calibration errors when w cal is larger. The reason for this is that ρ is most sensitive to contamination at the lowest multipoles, as will be discussed in Sec. IV. Using a power law C cal ∝ ( + 1) −2 gives results similar to our fiducial Gaussian form with w cal = 10.
IV. IMPACT OF CALIBRATION ERRORS ON S/N ESTIMATES
Given the extent to which calibration errors degrade the quality of ISW signal reconstruction, it makes sense to ask whether they also impact the signal-to-noise (S/N) of ISW detection. Detection of the ISW signal via the cross-correlation between the CMB and LSS maps has been the subject of considerable study, as it serves as an important consistency test for the presence of dark energy. The significance of detection varies considerably depending on the LSS tracer sample and the statistical methods used [62] , as well as how systematics in the LSS data are treated [16, 37, 40] . Hernndez-Monteagudo et al. [37] used systematics templates to correct the observed power spectra for SDSS galaxies, finding a S/N loss of ∼ 0.5 if such corrections are neglected. Giannantonio et al. [16] introduced a low-redshift spike in the source distributions in order to reproduce the observed excess autopower in NVSS and SDSS catalogs and estimate that such systematics result in an uncertainty of ∆S/N ± 0.4. The most recent results come from the Planck Collaboration, which found ∼ 4σ evidence for the ISW effect, with most of the signal coming from cross-correlation of the CMB temperature with the NVSS radio catalog and CMB lensing [18] .
The maximum achievable signal-to-noise can be obtained by considering an ideal survey that perfectly traces the ISW (i.e. C gg = C T g = C ISW ), resulting in a maximum S/N ∼ 6 − 10 for ΛCDM cosmology [13, 14, 35, 52, 54, 62, 63] .
Our goal is to study how calibration errors impact the significance of ISW detection. There are multiple ways one can quantify detection of the ISW effect, including correlation detection between LSS and the CMB, template matching to an assumed model, or model comparison. Each of these methods relies on different assumptions and tests different statistical questions (see Ref. [62] for a detailed review). Here we adopt the simple correlation detection statistic which quantifies the expected deviation from a null hypothesis of no correlation between LSS (g) and CMB temperature (T ). In this formalism the S/N for ISW detection is 
S N
where we have assumed the multipoles contribute independently to the S/N. Here C T g is a vector of the ISW-LSS cross-spectra, and the covariance matrix elements corresponding to LSS maps i and j can be written as
where the last term in the numerator is due to shot noise and δ ij is the Kronecker delta. 4 Equations (23) and (25) galaxy-ISW cross-power terms are small compared to the galaxy autopower, we follow the practice in most of the literature of keeping them in the S/N calculation.
demonstrate that all cosmological tests using LSS-CMB cross-correlation are limited in their constraining power due to sample variance and the relatively large amplitude of the primordial CMB fluctuations. They also make it clear that calibration errors will reduce the significance of ISW detection. We assume calibration errors to be uncorrelated between maps, so C cal,ij → δ ij C cal,ij . For a single LSS map, Eq. (23) reduces to the form
If there are no calibration errors, we find S/N= 6.6 for our Euclid-like survey, which is near the maximum 5 for this cosmology, S/N= 6.7. As σ 2 cal increases from 0 to current levels, the total S/N reduces to 4.9 − 5.7, a drop of only ∼ 15% − 30%. This can be seen in the S/N values listed for various σ 2 cal in the legend of Fig. 7 . In contrast, for the same level of error, average reconstruction qualityρ is reduced by 40% − 60%. Clearly, ISW signal reconstruction is substantially more affected by calibration errors than is ISW detection significance.
The greater robustness of the total S/N to calibration errors is due to the fact that it has support at higher multipoles. This is most easily illustrated in the singlemap case, where the contribution per multipole to the total signal-to-noise is
(27) Figure 7 shows how the contribution per multipole responds to different levels of calibration error. As σ 2 cal increases, the signal-to-noise decreases at lower multipoles, but contributions at higher multipoles remain unchanged. These higher-multipole contributions are thus still available to contribute to the overall S/N.
Map reconstruction is more sensitive to the largest scales. For the single-map case, this can be illustrated analytically as follows. Using the single-map estimator from Eq. (10), we can write the estimated reconstruction quality statistic aŝ
Here, (S/N ) 2 is the quantity given by Eq. (27) which, when summed over , gives (S/N) 2 . Thus, we see from Eq. (28) thatρ is proportional to a total (S/N) of which the terms are weighted by C T T . Since C T T drops sharply as ∼ −2 , the quality of map reconstructionρ is more impacted by large-angle calibration errors than the overall S/N is. This is also a primary cause for the degradation in reconstruction quality seen when σ 2 cal was concentrated at lower multipoles in Sec. III D.
V. CONCLUSIONS
Reconstruction of the integrated Sachs-Wolfe signal would allow, for the first time, a clean separation of the CMB temperature anisotropies into contributions from 300,000 years after the big bang and those from some ∼10 billion years later. This, in turn, would allow for a more informed assessment of the origin of the "largeangle CMB anomalies" and a more complete elimination of ISW contaminants to CMB-based measurements of primordial non-Gaussianity. Accurate ISW reconstruction requires wide-angle large-scale structure maps from which the gravitational potential evolution can be inferred, but in practice, these maps are plagued by photometric calibration errors due to a host of atmospheric, instrumental, and selection-induced systematics. In our previous work, we found that the realistic levels of residual calibration error severely degrade the accuracy of the reconstructed ISW map.
In this paper, we investigated how the effects of residual photometric calibration errors on the ISW map reconstruction can be mitigated by using tomographic information and by combining data from multiple surveys. To quantify the amount of residual calibration errors, we use their variance σ 2 cal , the square root of which is roughly equal to the rms magnitude fluctuations induced by these systematics.
We find that for a Euclid-like survey with a single redshift bin, to achieve a reconstruction comparable in quality to that derived from the CMB temperature map alone (with an average correlation between the true and reconstructed ISW maps of onlyρ ≈ 0.46), one must limit the variance of the calibration error field to σ This can be improved significantly if we exploit the tomographic information available by binning the LSS data in redshift (Fig. 3) . We also show that if the model spectra in the estimator differ substantially from those used to generate the input maps e.g. by using theoretical power spectra that do not account for the observed excess autopower in the LSS survey from calibration errors, then reconstruction quality is substantially degraded. It is therefore crucial to verify that the theoretical spectra in the estimator are a good fit to those observed or to otherwise use smoothed fits.
We next consider how using multiple input maps, probing different tracers and redshift ranges, improves ISW signal reconstruction. We find that as long as the excess power contributed by calibration errors is adequately modeled in the estimator, the resulting reconstruction is always better than that from either of the input maps individually. If the excess power from calibration errors is not modeled, however, adding a map can actually degrade reconstruction (Fig. 4) . The CMB temperature map adds information to the reconstruction at all levels of calibration error, but is especially valuable if the LSS maps are subject to calibration errors with σ 2 cal
10
−5 . Using a six-bin SPHEREx-like survey provides qualitatively similar results to the Euclid-like one, but because it is shallower, the reconstruction is less accurate in the limit of no calibration errors (ρ Spx = 0.89 ± 0.04 vs. ρ Euc = 0.95 ± 0.02, where errors indicate the 68% spread across realizations). However SPHEREx's shal-lower depth and therefore intrinsically higher clustering signal becomes an asset in the presence of calibration errors, making the survey more robust against calibration errors and leading to a better reconstruction for σ 2 cal
6×10
−6 . (Similarly, we would expect the increased clustering of tracers with larger bias to help mitigate the effects of calibration error as well.) Therefore, a combination of a shallower and a deeper LSS survey provides complementarity useful for separation of calibration errors from the ISW signal and necessary for a good ISW map reconstruction in the presence of such errors.
Using all three simulated surveys as input-Euclid, SPHEREx, and CMB temperature-significantly improves reconstruction compared to using a single survey with current levels of residual calibration errors, or CMB temperature data alone. We find that if the calibration errors can be controlled to the level of σ 2 cal
10
−6 (σ 2 cal 10 −5 ), then the combination of Euclid, SPHEREx, and CMB temperature maps can produce the ISW map reconstruction to an excellent accuracy of ρ = 0.93 ± 0.03 (ρ = 0.87 ± 0.05). This is roughly the same level of calibration control required for future LSS surveys to avoid biasing measurements of cosmological parameters like the non-Gaussianity parameter f N L and the dark energy equation of state. Thus, high-quality ISW reconstructions will, in a sense, "come for free" with the developments needed for cosmology constraints with nextgeneration surveys.
We additionally test the robustness of our results against changes to the properties of the calibration error field, looking at cross-correlations between calibration errors in different maps as well as the shape of their spectrum. We found that cross-correlation between the calibration errors of different tracer maps degrades the reconstruction most for 10 
−4 , but that this effect is relatively minor, provided the auto-correlation contribution is accounted for in the estimator (Fig. 6,  left) .
We also find that, compared to map reconstruction accuracy, the overall significance of ISW detection is less strongly affected by calibration errors. This is because its signal is distributed more broadly in multipole space than that of the map reconstruction quality statistic. To clarify this, we analytically relateρ to the commonly used ISW detection S/N statistic in the case of a single input LSS map and show thatρ is weighted by an additional factor of C T T , demonstrating map reconstruction's greater sensitivity to the largest scales [Eq. (28)].
As an extension to this work, one could study how the inclusion of CMB lensing and polarization data can improve ISW map reconstruction, provided the systematics present in those data sets could be sufficiently accurately modeled. The results of Bonavera et al. [30] indicate that the use of lensing as input can contribute significantly to reconstruction quality, but they also show that current noise levels limit its effectiveness. Notably, the residual lensing systematics at ≤ 8 present a challenge, as this is where the ISW signal is strongest, and we expect these systematics to affect reconstruction with CMB lensing and polarization in a manner broadly similar to unaccounted for calibration errors in LSS maps at those scales.
Further work could also be performed to concretely explore how to best approximate the 'best case' reconstruction scenario, wherein calibration errors are fully accounted for, by using real input data. Here we have only characterized the limiting cases where the residual calibration error contribution to the LSS power is fully known or fully unknown, and have not addressed intermediate cases where they are partially accounted for.
Finally, we have only worked in the full-sky case whereas real data will necessarily have only partial sky coverage. Others have already shown that incomplete sky coverage only very minorly degrades reconstruction quality for areas covered by the input data sets [30] , and we do not expect this to change in the presence of calibration errors. Nevertheless, a full analysis that attempts to make predictions for real surveys should take the actual sky coverage and survey-specific systematics into account.
Even with these considerations, it is clear that accounting for the presence of residual calibration errors in LSS surveys is a critical step for any reconstruction of the ISW map, as their presence and treatment impact both the survey characteristics and set of input maps that produce the optimal reconstruction. tracer maps, and D is the covariance matrix between the ISW and LSS tracers (see [27] Eqs. (4-6)), with ISW maps associated with the first (1) index. This likelihood is a product of the independent likelihoods for (T obs − T ISW ) and for the input maps in d.
Instead of explicitly including independent terms for the primordial CMB and LSS tracers (which are assumed to have no cross-correlation), we include the total observed CMB temperature,
where T p includes both the primordial CMB temperature as well as any instrumental noise terms. We then expand the data vector to include T obs :
with a m indicating spherical components of ISW and CMB temperature fluctuations and g m indicating components of LSS overdensity. The covariance matrix is similarly expanded to account for the cross-correlation of T obs with the ISW and LSS tracers
Assuming that at the scales we consider the observed CMB is cross-correlated with other LSS tracers only through the ISW, we have
assuming there is no residual cross-correlation between the primordial and late-time CMB. Maximizing the resulting likelihood
gives the optimal estimator given in Sec. II B.
To show that this is equivalent to the estimator derived from Eq. (A1), we focus on the case of using CMB temperature and a single LSS tracer as input maps. For compactness, and to make the connections with other ISW estimators in the literature more apparent, we adopt notation from Barreiro et al. [22] , where s, g, and T indicate the ISW, LSS tracer, and observed CMB temperature signals, respectively. We then have
and
From Eqs. (7) and (8) our estimator giveŝ
We now calculate the estimator of Manzotti and Dodelson [27] . Denoting their covariance matrix without the CMB as D , we use their Eq. (9)
Expanding the determinant, we find
which, using the relation C T T = C pp + C ss , is equivalent to the estimator given by Eq. (A9). This is also equivalent to the estimator proposed in Barreiro et al. [22] , which uses the Cholesky decomposition (L) of the covariance matrix D (denoted C in Ref. [22] ).
Note that here the ISW index is last instead of first, in contrast to the covariance matrices D and D used previously. The Cholesky decomposition is written as
Eqs. (8) and (9) from Ref. [22] give the ISW estimate (theirŝ m ) aŝ
where we have suppressed the -dependence of L and combined their observed ISW signal (s m ) and noise (n m ) terms into the single term a T m . We use C pp to denote the combined power of noise and the primordial CMB, in keeping with the notation above. Plugging this into Eq. (A12), we obtain
which is the same as Eq. (A9).
Appendix B: Estimating ρ with R (C )
Here we show why using raw pseudo-C 's (C ) in the estimator results in a degraded reconstruction, for which ρ is not well approximated byρ (Eq. (17)).
For a given realization, ρ is constructed from the covariance between the true and reconstructed ISW maps (Cov(T ISW , T rec ), i.e. the numerator in Eq. (13)) normalized by the square root of the individual variances of the true and reconstructed ISW maps (σ 2 True and σ 2 rec , respectively). We therefore focus on how using realizationspecificC 's in the estimator filter R affects the individual C contributions to σ ISW is unaffected by our choice of R ). For simplicity, we work with a single input map.
If the ISW estimator filter R is constructed from analytically computed model C 's, the power spectrum of the ISW map for a given realization will bẽ 
We add the superscript "th" to distinguish this reconstructed ISW power spectrum from the one where the filter R is built fromC 's, which will be discussed shortly.
The expectation value for this over many realizations is 
we writẽ
Because the measuredC gal−gal appears in the denominator of this expression, taking its expectation value over many realizations is somewhat more complicated.
To do so we use the fact that (2 + 1)C gal−gal is χ 2 -distributed with 2 + 1 degrees of freedom. This means C rec−rec /(2 +1) follows an inverse-χ 2 distribution, with an expectation value 
In contrast, we find the average cross-power C ISW−rec between reconstructed and true ISW maps remains unchanged. The increased power of the reconstruction thus results in a net decrease in ρ , per Eq. (13), and hence is not well approximated by simply substituting the theory C , as is done to computeρ. Additionally, this suggests that a simple scaling of R in order to "debias" the reconstruction will not improve ρ.
To understand why the cross-power does not increase, we again use the observed galaxy autopower in the estimator and approximate its expectation value. The crosspower is given bỹ
Here we have a quotient of two non-independent χ 2 random variables. Generically, we can approximate the average of a function of two random variables X and Y through a second-order Taylor expansion about the mean of each (µ X , µ Y ):
where a prime indicates a derivative with respect to the respective subscripted variable. By taking f (X, Y ) to bẽ 
Then on average, the cross-power between the true and reconstructed ISW maps is unchanged from the theory case. Since the multipoles are independent, this means the total covariance between the true and reconstructed ISW maps is unchanged as well: 
which is a good approximation to the analytical result found in Eq. (B6).
